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Crack tip displacements of microstructurally small cracks in 316L steel
and their dependence on crystallographic orientations of grains
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A B S T R A C T The paper presents an analysis of the effect of the grain orientations on a short Stage I
surface crack in a 316L stainless steel. The analysis is based on a plane-strain finite element
crystal plasticity model. The model consists of 212 randomly shaped, sized and oriented
grains that is loaded monotonically in uniaxial tension to a maximum load of 1.12Rp0.2

(280 MPa). The influence of random grain structure on a crack is assessed by calculating
the crack tip opening (CTOD) and sliding displacements (CTSD) for single crystal and
polycrystal models, considering also different crystallographic orientations. In the single
crystal case the CTOD and CTSD may differ by more than one order of magnitude. Near
the crack tip slip is activated on all the slip planes whereby only two are active in the rest
of the model. The maximum CTOD is directly related to the largest Schmid factors. For
the more complex polycrystal cases it is shown that certain crystallographic orientations
result in a cluster of soft grains around the crack-containing grain. In these cases the crack
tip can become a part of the localized strain, resulting in a large CTOD value. This effect,
resulting from the overall grain orientations and sizes, can have a greater impact on the
CTOD than the local grain orientation. On the other hand, when a localized soft response
is formed away from the crack, the localized strain does not affect the crack tip directly,
resulting in a small CTOD value. The resulting difference in CTOD can be up to a factor
of 4, depending upon the crystallographic set. Grains as far as 6xCracklength significantly
influence the crack tip parameters. It was also found that among grains with favourable
orientation the CTOD increased with the size of such a grain. Finally, a significant change
in CTOD and CTSD was observed when extending the crack into the second grain and
placing it in the primary or the conjugate slip plane.

Keywords crack tip displacements; crystal plasticity; polycrystals; small cracks.

N O M E N C L A T U R E ȧ (α) = reference strain rate
Cijkl = stiffness tensor

CTOD = crack tip opening displacement
CTSD = crack tip sliding displacement

D = grain size
ġ (α) = current strain-hardened state
hαα = self-hardening moduli
hαβ = latent-hardening moduli
h0 = initial hardening modulus

m(α)
i = slip plane normal
n = strain-rate-sensitivity parameter
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q = hardening factor
Rp0.2 = yield stress

s(α)
i = slip direction

u̇ p
i, j = plastic velocity gradient

(α) = index of active slip system
α = grain’s crystallographic orientation
γ = cumulative slip

γ̇ (α) = shear rate
εe

kl = elastic strain tensor
<εij> = macroscopic strain

σ e
ij = elastic stress tensor

<σ ij> = macroscopic stress
τ (α) = Schmid resolved shear stress
τ s = reference stress
τ 0 = critical shear stress

I N T R O D U C T I O N

The behaviour of microstructurally small fatigue cracks
distinctively differs from that of long cracks. In particular
the average crack growth rate can be much higher for
small cracks with equivalent crack tip loading (�K) as first
discovered by Pearson1 and they grow below threshold
value for large cracks (�Kth)2.

Local propagation rate and path of small fatigue cracks
is strongly affected by microstructural features such as
grain boundaries, crystallographic orientations, inclu-
sions, voids and material phases etc.3–5 The microstruc-
turally small cracks are often initiated from persistent slip
bands and propagate along the slip planes. The crack tip
loading is therefore generally mixed-mode and the crack
changes direction as it passes through grain boundaries
resulting in a serrated crack profile. Experimental data
suggest that the fatigue crack growth rate and crack open-
ing displacements tend to decrease when such cracks ap-
proach a grain boundary5–7 and grain boundaries can also
temporaryly block the plastic zone growth.8 The diffi-
culty in propagating slip across an interface may give rise
to an incubation period that depends on the type of in-
terface, e.g. high-angle grain boundary or interface with
a second phase. Different crystallographic orientations of
the grains may also increase, decrease or arrest the crack
growth.9,10 Vaek et al.11 for example observed that crack
propagation rates may vary significantly for nominally
identical cracks. Crack closure and high strains can also
play a significant role but plasticity induced crack closure
effects are generally smaller for small cracks.3,4,12

Various models have been proposed to model the small
crack behaviour. Obrtlı́k, Polák and Vaek11,13 found that
the propagation rate of microstructurally small cracks in
316L can be fitted to a power law for the plastic strain
amplitude that is almost independent of the crack size. El
Haddad et al.14 could correlate short crack propagation of
small cracks to experimental data fairly well by extending

the physical crack length with the transition length, ao,
for small and long cracks defined by Kitagawa diagrams.2

Grain boundary blocking models that assume that the slip
band zone is blocked at a grain boundary until an effective
stress intensity factor is attained have also been used suc-
cessfully to model crack retardation and acceleration (see
e.g. Ref. [15,16]). Alternatively the blocking is assumed to
be related to the difference in crystallographic orienta-
tions between grains.17 Other crack blocking models use
separate equations and simply state that a long crack equa-
tion should be adopted if the threshold stress intensity fac-
tor is reached.18

In recent years several attempts have been made to model
the behaviour of long cracks in single crystal19 and small
cracks in bicrystal20 and polycrystals21,22 using crystal
plasticity material models but basically without the ex-
plicit grain shape modelling. Models with one, two9,23,24

and more24 explicitly modelled grains can be found in lit-
erature but they assume a rectangular grain shape. The
misorientation between two grains was found to have a
smaller influence on the crack tip displacements, crack
propagation rates and crack tip plastic zone than assumed
in grain blocking models and some experimental data.

The references above are, however, limited to a very
simplified modelling of the grain shape itself. When one
wants to extend the models to incorporate basic struc-
tural features such as large numbers of grains, we should
as a first step also imitate the random shape and orienta-
tion of grains. These can have a significant effect on the
crack tip parameters as shown by Ballarini et al. in Refs
[25,26] where average values and standard deviations of
stress intensity factors were calculated under the condi-
tions of linear elastic fracture mechanics. Crystal plastic-
ity was, however, not used. It is shown in Ref. [25] that
the crack tip parameters are insensitive to the number of
crystals and their orientation as long as the crack tip is
surrounded by at least ten grains. Random grain geome-
try and crystal plasticity have been used inRef. [27] where
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scatter of the J-integral values has been determined for
intergranular cracks.

In this paper, a model dealing with a fixed length, in-
clined small crack embedded in a surface grain of a plane
strain polycrystal is proposed. Crack is embedded in an un-
damaged structure and subjected to monotonic loadings.
The polycrystal assumes randomly shaped and oriented
grains obeying anisotropic elasticity and crystal plasticity.
The main intention of this study is to evaluate the influ-
ence that a random grain structure imposes on a Stage I
crack. This is achieved by calculating crack tip opening
(CTOD) and sliding (CTSD) displacements and analyz-
ing their scatter for a number of cases where the crystallo-
graphic orientation of grains close and far from the crack
tip is varied. Some results are presented using cumulative
probability function. This method of presenting the re-
sults could lead to fundamental insight into the range of
possible values, which can be attained experimentally. The
reason behind using the crack tip opening displacement
is that it (in combination with Paris law type equations)
describes better the short crack propagation than stress
intensity factors.28 It also has the advantage of accounting
for the mixed mode crack tip loading inherent in Stage I
crack growth. The influence of the length of a crack and

Fig. 1. Relation between the slip systems of a face centred cubic material and the crack for α = 0◦.

the proximity of the crack tip to the grain boundary are
also investigated.

M O D E L D E S C R I P T I O N

Constitutive model

The elastic deformation at the monocrystal level is mod-
elled using generalized Hooke’s law, σ e

ij = Cijklε
e
kl , where

σ e
ij represents the second-rank elastic stress tensor, Cijkl

the fourth-rank stiffness tensor and εe
kl the second-rank

elastic strain tensor. The number of independent elastic
constants for a cubic crystal system (BCC and FCC) is 3.

Crystal plasticity theory is used29 to describe the mate-
rial’s plastic behaviour at the grain level. The plastic de-
formation in monocrystals is assumed to take place via a
simple shear on a specific set of slip planes (see Fig. 1).
Deformation by other mechanisms such as for example
diffusion, twinning and grain boundary sliding is currently
not taken into account. The combination of a slip plane,
denoted by its normal mα

i , and a slip direction, sαi , is called
a slip system, (α). The plastic velocity gradient, u̇ p

i, j , due
to a crystallographic slip can be written as,

u̇ p
i, j =

∑
α

γ̇ (α)s (α)
i m(α)

j , (1)

c© 2007 Blackwell Publishing Ltd Fatigue Fract Engng Mater Struct 30, 1–10



ffe˙1098 FFE March 7, 2007 21:55

4 I . S IMONOVSK I et al.

where the summation is performed over all active slip sys-
tems, (α), while γ̇ (α) represents the shear rate. The cumu-
lative slip, γ , is defined as,

γ =
∑

α

∫ t

0
|γ̇ (α)| dt. (2)

It is assumed that the shear rate γ̇ (α) depends on the stress
only via the Schmid resolved shear stress, Eq. (3). This is
a reasonable approximation at room temperature and for
ordinary strain rates and pressures. The Schmid resolved
shear stress for a given slip system is given by Eq. (4).
Yielding is then assumed to take place when the Schmid
resolved shear stress exceeds the critical shear stress τ 0.

γ̇ (α) = ȧ (α)
(

τ (α)

g (α)

)∣∣∣∣τ
(α)

g (α)

∣∣∣∣
n−1

(3)

τ (α) = s (α)
i σi j m

(α)
j (4)

In eq. (3), ȧ (α) represents the reference strain rate, n
the strain-rate-sensitivity parameter and g(α) the current
strain-hardened state of the crystal. In the limit, as n ap-
proaches infinity, this power law approaches that of a rate-
independent material. The current strain-hardened state
g(α) can be derived from,

ġ (α) =
∑

β

hαβ γ̇ (β), (5)

where hαβ are the slip-hardening moduli defined by the
adopted hardening law. In this work Peirce et al. hardening
law is used,30 where self-hardening moduli hαα are defined
by:

hαα = h0sech2
(

h0γ

τs − τ0

)
, sech = 1/cosh. (6)

Here h0 stands for the initial hardening modulus, τ 0

the yield stress (equal to the initial value of the current
strength g(α) (0)) and τ s a reference stress where large plas-
tic flow initiates.31 The latent-hardening moduli hαβ are
given by,

hαβ = qhαα, (α �= β), (7)

where q is a hardening factor. This model was imple-
mented as a user-subroutine into the finite element code
ABAQUS.

Macroscopic stress <σ ij> and strain tensors <εij> are
estimated using volume averaging. For comparison with
engineering stress and strain Mises equivalent stress and
strain are used. Further details on its theory and imple-
mentation can be found in Refs [31,32].

Layout of structural model

The structural model is a planar rectangular aggregate
with 212 randomly sized and shaped grains. The grain
structure is a planar Voronoi tessellation generated using
code VorTESS.33 The finite element model of the grain
structure with a crack is presented in Fig. 2.

Each grain is subdivided into 8-noded, reduced-
integration, plane strain finite elements. The finite ele-
ment meshing of the grains away from the crack tip is
automatic and follows procedures outlined in Ref. [34].
To avoid violations of finite element shape constraints,
only a subset of “meshable” Voronoi tessellations has been
considered in the analysis. The “meshable” tessellations
basically assume reasonably small aspect ratios of chord
lengths. Further details are available in Ref. [34]. Such ap-
proach essentially prevents use of tessellations with very
small grains. The finite element meshing of the crack tip
neighbourhood is detailed in section titled ‘the crack and
the crack tip mesh’.

Each grain is assumed to behave as a randomly oriented
monocrystal governed by the anisotropic elasticity and
crystal plasticity models as described in the previous sec-
tion. The number of grains included in the model is not
sufficient to result in a size-independent macroscopic re-
sponse of the aggregate (representative volume element).
However, the experience with similar simulations shows
that the error caused by this omission is limited to about
5 %.32

The average grain size of 52.9 µm is used in the analysis.
This agrees well with values published for 316L steel being
between 50 µm and 80 µm.

Crystallographic orientations

Appropriate crystallographic orientations are achieved in
two steps:

1 In the first step the angle between the crystallographic
[100] direction and the macroscopic X axis of all crystals
in the model is set to 135 ◦ as shown in Fig. 1. This re-
sults in a planar slip system model compatible with the
planar macroscopic model. The resulting projections of
the primary and conjugate slip planes are illustrated in
Fig. 3.

2 In the second step, random orientation of grains is achieved
by randomly rotating crystals around the global Z-axis.
Uniform distribution with range 0 to 2π is used. Within
the grain the initial crystallographic orientations are
identical.

Application of the macroscopic tension in the
X-direction results in macroscopic maximum shear
stress planes at ±45 ◦ to the X-axis. Now, coincidence of
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Fig. 2. The outline of the finite element model. Details of the crack tip meshing are shown in the insert.

Fig. 3. Orientations of slip planes, shear
directions and the crack plane for
crystallographic orientation of α = 0◦.

macroscopic shear planes and microscopic primary and
conjugate slip planes is achieved when the crystals are
rotated around the Z axis for: α= 9.735 ◦, 80.265 ◦,
99.735◦ or 170.265◦ as illustrated in Fig. 3.

Loading and boundary conditions

The applied macroscopic loading and boundary condi-
tions are illustrated in Fig. 2. The left and right edges are
loaded in macroscopic monotonic uniaxial tension up to

c© 2007 Blackwell Publishing Ltd Fatigue Fract Engng Mater Struct 30, 1–10
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Fig. 4. Definition of the CTOD (left) and CTSD (right).

a maximum load of 1.12Rp0.2 (280 MPa) with zero shear
traction. This load is sufficient to trigger slip systems ac-
tivity in all cases analyzed. The macroscopic yielding is
achieved in most cases analyzed. The upper and lower
edges are traction free. Prevention of rigid body move-
ment is also imposed.

The crack and the crack tip mesh

A short inclined surface crack is introduced in the model
with macroscopic crack orientation fixed to −45◦ relative
to the global X axis. The CTOD and CTSD values are
calculated at a distance of 2.5% of the average grain size
behind the crack tip (i.e. 0.025 · 52.9 = 1.3 µm; see Fig. 4).
This is consistent with examples found in Refs [23,24].

It is our intention to model a Stage I fatigue crack. This
basically requires:

1 Placing the crack into the primary slip plane. This is
achieved by setting the crystallographic orientation of the
cracked grain to α = 9.735◦.

2 A model of growing crack. The rather large complexity of
including both crack growth and cyclic loading into the
model is however avoided at this point in time and may
be included in the model in the future. Nevertheless, a
series of stationary crack lengths ranging from 0.2D38 to
0.77D38 has been analyzed to assess the influence of the
crack length on the one hand and the effects of the grain
boundary vicinity on the other hand. D38 = 70.87 µm is
the size of the cracked grain, estimated as a square root of
the grain’s area. 38 stands for assigned grain number.

All results in this paper are therefore obtained assuming
stationary crack and monotonic loading regime.

Extensive mesh sensitivity study was performed result-
ing in the optimal mesh shown in Fig. 2. The typical crack
tip element size is about 0.25 µm. This mesh is expected
to underestimate CTOD and CTSD for about 4.6% and
8.4%, respectively. This is deemed sufficient for this anal-
ysis. In cases where the crack is close to the grain boundary
the size of the typical crack tip element has been halved.

Material parameters

The following elastic constants for AISI 316L single crys-
tal are used: Ciiii = 163680 MPa, Ciijj = 110160 MPa,
Cijij = 100960 MPa.35 Crystal plasticity parameters have
been optimized from the macroscopic plastic response of
AISI 316L polycrystal.35 h0= 330 MPa, τ s= 270 MPa, τ 0=
90 MPa, n = 55, q = 1.0 and ȧ (α)=0.001. With these pa-
rameters the proposed plain strain model is deemed suffi-
cient to provide a correct qualitative representation of the
macroscopic response.

R E S U LT S

The primary goal in this paper is to estimate the influence
the random grain structure imposes on the CTOD and
CTSD of the inclined short surface crack. Investigation is
focused on the randomness of orientations while keeping
the grain shapes constant. Such approach is expected to
reveal most of the variability contributed by the random
grain structure.36

Three main cases with inclined stationary short surface
crack have therefore been analyzed:

1 Large monocrystal: the goal is to provide the dependence
of CTOD and CTSD on the relative orientation between
the crack and the crystal. Also, the orientations with ex-
treme CTOD and CTSD values are revealed.

2 Large polycrystal: the scatter of CTOD and CTSD values
due to the randomness of the grain structure is investigated.

3 Some specific configurations of grains in the vicinity of the
crack have been analyzed to assess the relative influence of
the close and far grains on the CTOD and CTSD.

Finally, the effects of the variations in the crack length and
the vicinity of the grain boundary are analyzed for some
typical configurations.

Large monocrystal

The finite element model of the large monocrystal con-
figuration as shown in Fig. 2 and assumes a crack length
of 0.5D38. Its geometric features are identical with the
finite element models used in the polycrystalline cases.
The crystallographic orientations are identical for all 212
grains. A series of analyses was performed with crystal-
lographic orientations varying from 0 up to 180◦ in 2◦

increments.
The macroscopic strain <ε11> is depicted as a function

of the crystallographic orientation in Fig. 5 for two values
of external load: below (0.96Rp0.2) and above (1.12Rp0.2)
macroscopic yield strength. It should be noted here
that the macroscopic yield strength Rp0.2 has been mea-
sured on an isotropic sample. Certain orientations of the
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Fig. 5. Macroscopic strain <ε11> as a
function of the monocrystal’s
crystallographic orientation.

Fig. 6. Schmid factors as a function of the
crystal orientation.

monocrystal are therefore not expected to yield macro-
scopically. We therefore classify the macroscopic strain
<εeq> into three levels, which depend upon the crystallo-
graphic orientations: purely elastic, stiff elasto-plastic and
soft elasto-plastic response. From now on we will refer
to this classification as ‘grain hardness index’. This will
come in handy later on in the polycrystal configuration to
display soft and hard grains.

Schmid factors for all the slip systems are depicted in
Fig. 6. Comparing these factors with Fig. 5 one can, as ex-
pected, see that the maximal strains are obtained at crystal-
lographic orientations where the Schmid factors on planes
P2 (Dir2 and Dir3) and P4 (Dir1 and Dir2) are at their
highest values as well. We will show later that, with the
exception of the immediate vicinity of the crack tip, only
these four slip systems are active in the model. Slip planes,
directions and Miller indexes and vectors are shown in
Fig. 1. The dominating crystal plasticity contribution to
the macroscopic strain is clearly seen in Fig. 5 at the ori-
entations 0 ≤ α ≤ 30◦, 60 ≤ α ≤ 120◦ and 150 ≤ α ≤ 180◦.
The rest of the orientations exhibit significantly stiffer re-

sponse dominated by the anisotropic elasticity. Substantial
decrease in strain at 30 ≤ α ≤ 60◦ and 120 ≤ α ≤ 150◦

can be explained with smaller Schmid factors that in com-
bination with the applied power law for calculating shear
rate, Eq. (3), result in a significant reduction of the shear
rate γ̇ (α) and therefore shear as well. One can see that
<ε11> in Fig. 5 correlates very well with the cumulative
slip, Eq. (2), recorded in finite elements far from the crack
tip (Fig. 7). The same four slip systems are active in this
case: P2 (Dir2 and Dir3) and P4 (Dir1 and Dir2). Activity
of the rest of the slip systems is negligible. Near the crack
tip more slip systems are activated and slip system activity
is much more complex (Fig. 8). Slip systems P1, Dir1 and
P3, Dir1 are activated in addition to the activated systems
in elements far from the crack tip.

CTOD and CTSD at the load levels of 0.96Rp0.2 and
1.12Rp0.2 are depicted in Fig. 9 as a function of crystallo-
graphic orientation. The correlation between low CTOD
regions and small cumulative slip regions (Fig. 8) is excel-
lent. Furthermore, these regions coincide well with small
<ε11> regions (Fig. 5), and small Schmid factors (Fig. 6).
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Fig. 7. The cumulative slip far from the
crack tip for a single crystal configuration at
different crystallographic orientations and
load of 1.12Rp0.2.

Fig. 8. The cumulative slip in the crack tip
vicinity for a single crystal configuration at
different crystallographic orientations and
load of 1.12Rp0.2.

Fig. 9. Crack tip displacements as a
function of the monocrystal’s
crystallographic orientation.

c© 2007 Blackwell Publishing Ltd Fatigue Fract Engng Mater Struct 30, 1–10
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However, they are narrower. The largest crack tip dis-
placements occur at crystallographic orientations where
the Schmid factors are high. In these cases almost all part
of a crack tip displacement is due to the plastic deforma-
tion. The largest crack tip displacements are at the crystal-
lographic orientation that would result in symmetric slip
at α = 90◦ (note that the CTSDs are not zero since the
crack is at an angle of 45◦). This result is to some ex-
tent surprising, since we expected the CTOD and CTSD
maxima for the crack in the slip plane (α = 9.735◦ or α =
80.264◦). However, for α = 90◦ the most complex slip sys-
tem activity is noted: active slip systems include P2 (Dir2
and Dir3) and P4 (Dir1 and Dir2) plus P1 Dir1 and P3
Dir1, all of them being close to the maximum Schmid
factor (see Fig. 6). Since the activation of the slip systems
other than the in plane P2 (Dir2 and Dir3) and P4 (Dir1
and Dir2) is to a large extent triggered by the local strain
field and by the plane strain constraint, a future 3-D anal-
ysis will be needed to clarify this issue.

For the purpose of this paper and pending the 3-D
resolution of local slip systems activity, the most un-
favourable direction of the crack is in accordance with
the Stage I crack assumed to be inline with the primary
slip plane with respective crystallographic orientations of
α = 9.735◦. The most unfavourable direction for the crack
is assumed to be at α = 135◦. The respective CTOD val-
ues at 1.12Rp0.2 are 1.34 µm and 0.13 µm. The extreme
CTOD value of 2.21 µm has been, as already mentioned,
recorded at the symmetric slip configuration at α = 90◦.

Fig. 10. Cumulative probability functions
at a load of 1.12Rp0.2.

Before embarking on the random polycrystalline case it
was considered interesting to analyze also the behaviour
of a large bicrystal. Based on above favourable and un-
favourable configurations, a model of a bicrystal has been
constructed as follows: the orientation of the crack con-
taining grain was set to α = 9.735◦ (Stage I crack) while
all remaining grains were oriented at 135◦ to minimize
CTOD as much as possible. This resulted in CTOD
value of 0.158 µm, which is notably higher than obtained
by orienting all the grains in the crack retardation ori-
entation of 135◦ (0.116 µm). This indicates considerable
importance of the orientation of the crack containing
grain.

Polycrystal

The polycrystal case was simulated by applying 150 sets
of random orientations to 211 out of the 212 grains in the
model outlined in Fig. 2. The orientation of the crack con-
taining grain was kept fixed to 9.735◦ in all simulated cases
to mimic the Stage I crack aligned with the slip plane. The
resulting cumulative probability of CTOD values is de-
picted in Fig. 10 with small + signs and labelled as ‘9.735,
random’ case. The computed CTOD values fall mainly in
the middle of the monocrystal extreme values. The scat-
ter of the results is completely attributed to the random
orientations of the intact grains. Ninety-two per cent of
all calculated CTOD values fall within the CTOD values
of 0.4 µm and 1.1 µm, with average value at 0.765 µm.

c© 2007 Blackwell Publishing Ltd Fatigue Fract Engng Mater Struct 30, 1–10
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Fig. 11. Grain hardness index (a) and
equivalent strain (b) for the ‘9.735, 135,
random’ crystallographic orientation set
resulting in maximal CTOD.

The initial orientations of grains for the case with maxi-
mum and minimum CTODs are plotted in Figs 11 and 12,
respectively, using the grain hardness index. The orienta-
tions are grouped to indicate three levels of monocrystal
responses, as depicted in Fig. 5: purely elastic, stiff elasto-
plastic and soft elasto-plastic. It is clear from Figs 11 and
12 that the magnitude of the CTOD strongly depends on
the grain clusters with soft elasto-plastic response lead-
ing to a localized soft response (e.g., shear band) of the
polycrystal. If such a cluster develops in crack vicinity, the
crack tip becomes part of the localized strain, resulting in
a large CTOD value (Fig. 11). On the contrary, when a
soft cluster is formed away from the crack, the localized
strain does not affect the crack tip directly, resulting in a
small CTOD value (Fig. 12).

This indicates that the orientations of grains far away
from the crack tip may contribute significantly to the de-
velopment of localized strain patterns, which are signifi-
cantly larger than the size of a typical grain. The position
of localized strain patterns may in turn significantly influ-
ence the CTOD values.

Orientations of the crack containing grain and grains in its
immediate vicinity

In addition to the localized strain patterns, the orienta-
tions of the crack containing grain and grains in its imme-
diate vicinity are expected to have dominant effect on the
development of the CTOD. Two sets of simulations have
been performed to assess this effect:

c© 2007 Blackwell Publishing Ltd Fatigue Fract Engng Mater Struct 30, 1–10
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Fig. 12. Grain hardness index (a) and
equivalent strain (b) for the ‘9.735, 135,
random’ crystallographic orientation set
resulting in minimal CTOD.

‘1(2,3,4,6)xR: 9.735, random’ case. Increasing the size
of the monocrystal containing the crack. This has been
achieved by setting the orientation of the crack contain-
ing grain and all grains falling into radii of 2, 3, 4 and
6x crack lengths to α = 9.375◦. All remaining grains as-
sumed random orientation (100 different realizations). A
notation of ‘3xR: 9.735, random’ therefore means that all
grains having their Poisson points (located in the centre
of local coordinate systems) within radius of three times
crack length (3xR) are oriented at 9.735◦, while all other
grains are oriented randomly. The radii are indicated in
Fig. 11.

‘9.735, 1(2,3,4,6)xR: 135, random’ case. Increasing the
size of the bicrystal with crack. The orientation of the
crack containing grain was set to α = 9.375◦, the orien-
tation of the first neighbouring grain in the direction of
the crack growth has been set to unfavourable α = 135◦.
The size of the unfavourably oriented (135) grain has then
been increased by applying the α = 9.375◦ orientation to
all grains falling into radii of 2, 3, 4 and 6x crack lengths
(with the exception of the crack containing grain). All re-
maining grains assumed random orientation (100 differ-
ent realizations). A notation of ‘9.735, 3xR: 135, random’
therefore means that the orientation of the first grain is

c© 2007 Blackwell Publishing Ltd Fatigue Fract Engng Mater Struct 30, 1–10
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Table 1. Short statistics of the CTOD values

CTOD [µm]

Case Min Max Mean Std Dev

9.735, random 0.303 1.250 0.765 0.194
2R: 9.735, random 0.537 1.576 0.909 0.209
3R: 9.735, random 0.628 1.577 0.956 0.192
4R: 9.735, random 0.623 1.537 0.991 0.181
6R: 9.735, random 0.752 1.501 1.152 0.173
9.735, 135, random 0.323 1.280 0.763 0.205
9.735, 2R: 135, random 0.317 1.004 0.610 0.155
9.735, 3R: 135, random 0.252 0.904 0.546 0.139
9.735, 4R: 135, random 0.170 0.769 0.449 0.119
9.735, 6R: 135, random 0.130 0.515 0.284 0.074

9.735◦, orientation of grains having their Poisson points
within radius of three times crack length (3xR) is 135◦,
while all other grains are oriented randomly.

We expect the results to tend towards the single crys-
tal case, however, the calculations will show the range of
scatter and are also useful for understanding more com-
plex cases.

Figure 10 shows the cumulative probability functions for
the above cases. Min/max CTOD values for a limiting
case of a single crystal are plotted for comparison. Also,
the CTOD value for a bicrystal case (crack-containing
grain: α = 9.375◦, all other grains: α = 135◦) is shown.
One can see that for the ‘9.735, random’ case the random
crystallographic orientation can change the CTOD by a
factor of 4 (c.f. Table 1). If we consider the values from all
the analyzed cases, the ratio CTODmax/CTODmin in-
creases to 11.8. Increasing the size of the crack-containing
monocrystal to 2, 3, 4, 6xR gradually increases the CTOD,
but the spread of the values does not decrease significantly.
It is interesting to note that the impact of the monocrys-
tal size vanishes at large CTOD values, where cumulative
densities of 2, 3, 4 and 6xR overlap. This indicates that in
this region the CTOD is dominated by the localized high
strain areas (areas of grains with favourable orientation in
the direction of maximum shear). Monocrystal size of 6xR
is the maximal size considered to avoid significant effects
from the model size. Model with more grains would have
to be employed to investigate this matter further in the
future. It is also interesting to note that the max. CTOD
can actually be higher than of a limiting case of a single
crystal. We attribute this to the occurrence of localized
high strain areas in the polycrystal case.

As expected, increasing the size of the α = 135◦

layer (‘9.735, xR: 135, random’ case) around the crack-
containing grain decreases the CTOD values. The limit
case in this situation is the bicrystal case. The spread of
the CTOD values here gradually decreases and max/min

Fig. 13. Grain numbering with indicated directions of primary and
conjugate slip planes.

CTOD ratio is still 3.8 at ’9.7356, 6xR: 135, random’ case.
In this case the structure beyond 6xR significantly affects
the CTOD values as well. It is also noted that the bicrys-
tal configuration successfully minimizes the effects of the
localized high strain areas due to its high stiffness.

CTOD and CTSD for different crack lengths

The influence of the crack length has been assessed by
studying a series of stationary cracks with lengths rang-
ing from 0.2D38 to 0.77D38. At 0.7403D38, the crack tip is
at the grain boundary. The considered variations in crack
length therefore noticeably changes the distance of the
crack tip to the grain boundary, represented by an abrupt
discontinuity of the material orientations. No attempt has
been made in this paper to distinguish the potential influ-
ence of the grain boundary from the effects resulting from
crack length variations.

The full statistical analysis taking into account a suffi-
cient number of random grain orientations seemed ex-
haustive in terms of computational resources and was
therefore not attempted. The orientations of grains in
the model have been chosen to maximize the change in
CTOD while approaching the grain boundary. To this
end, the crack was aligned with the slip system in the first
grain α = 9.735◦ (numbered as grain 38 in Fig. 13), while
the second grain (numbered as grain 124 in Fig. 13) was
oriented to α = 135◦ in order to minimize the CTOD
in the second grain. For the rest of the grains, ran-
dom orientations resulting in the absolute maximum of
CTOD was selected. This set of orientations is depicted
in Fig. 11 while Fig. 13 shows the orientations for the two
grains involved. In order to minimize potential numerical
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problems for the crack tip approaching the grain bound-
ary (= discontinuity in material orientation), the size of a
typical crack tip element was reduced to 0.125 µm.

The results for the elastically dominated case with re-
mote load of 0.5Rp0.2 are shown in Fig. 14. A monotonic
increase in the CTOD with increasing crack length until
the grain boundary is reached confirms that the CTOD
behaviour is dominated by the elastic response. The lim-
ited activity of slip systems however shows a slightly more

Fig. 14. The influence of crack length and
proximity to the grain boundary on the crack
tip displacements. Remote load 0.5Rp0.2.

Fig. 15. The influence of crack length and
proximity to the grain boundary on the
crack tip opening displacements. Remote
load 1.12Rp0.2.

pronounced effect on the CTDS, which reaches its max-
imum value well before the crack tip reaches the grain
boundary. Slight decrease in CTSD just before the grain
boundary indicates that the activity of the slip systems has
been hindered by the grain boundary. Immediately after
the crack tip passes the grain boundary, a 9.4% decrease
in CTOD is recorded.

The results for crystal plasticity dominated response at
remote load of 1.12Rp0.2 are depicted in Figs 15 and 16.
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Fig. 16. The influence of crack length and
proximity to the grain boundary on the
crack tip sliding displacements. Remote load
1.12Rp0.2.

The monotonic increase of CTOD with crack length is
blocked by the noticeable slip system activity at crack
length of 0.7D38. Further increase of the crack length
causes the interaction of the slip system activity with the
grain boundary, resulting in the decrease of the CTOD.
The maximum drop of CTOD of 12.7% is noted im-
mediately after the crack tip passes the grain boundary.
Given the large influence of the crystallographic orien-
tations on the CTOD and CTSD in a monocrystal con-
figuration, a more pronounced grain boundary effect was
expected. Similar results have, however, been reported by
Potirniche et al.23 At this load results are also presented
for crack extension kinked into the primary/conjugates
slip plane in accordance with Stage I. One can see that
placing the crack extension into the primary slip plane
significantly increases CTOD and decreases the CTSD.
The reason for this is that the crack is now closer to
the opening mode (Mode I). Opposite trend is observed
for the CTOD when the crack extension is placed into
the conjugate slip plane. In this case the CTSD still
decreases after the grain boundary but significantly less
then for the crack extension placed into the primary slip
plane.

The possible reasons for unexpectedly small retardation
of CTOD and CTSD while crack approaches the grain
boundary include application of simple monotonic load-
ing and possibly oversimplified modelling of grain bound-
aries (e.g., only discontinuity of material orientations) and
will be further investigated in the future.

F U T U R E W O R K

Although a number of conclusions can be drawn from
the results of the paper several issues can not be fully
closed. One of them is certainly the question of the slip
activity close to the crack tip in a fully 3D environment.
Would that in the single crystal case result in attaining
the max CTOD when the crack is aligned with the pri-
mary(secondary) slip plane instead as now when we have
symmetric slip at α = 90◦? Another open question is what
kind of combination of grain orientations and sizes results
in localization of the strain (shear band) around the crack
tip that increases the CTOD. We have shown that these
localizations significantly affect the CTOD, even to the
point where the size of the crack-containing grain did not
significantly influence the CTOD. And finally, we need to
incorporate cyclic loading and use a suitable crack growth
criteria for advancing the crack.

C O N C L U S I O N S

This paper proposes a crystal plasticity model where dis-
tribution of grain shapes and crystallographic orientations
are accounted for. It is shown that these significantly in-
fluence the crack tip displacements.

Although the loading in this paper is monotonic, a num-
ber of key observations are still relevant for the fatigue
case. For a single crystal case the following conclusions
can be drawn:

c© 2007 Blackwell Publishing Ltd Fatigue Fract Engng Mater Struct 30, 1–10



ffe˙1098 FFE March 7, 2007 21:55

CRACK TIP DISPLACEMENTS 15

� CTOD closely follows maximal Schimdt factors on P2 and
P4 planes.

� Maximal CTOD is obtained at symmetric crystallographic
orientation of α = 90◦ when six slip systems are activated
in the crack tip vicinity.

� Near the crack tip slip is activated on all the slip planes
whereby only two are active in the rest of the model (P2
and P4).

For the polycrystal case we have shown that a cluster of
soft grains can lead to a localized soft response (e.g., shear
band) of the polycrystal. If such a cluster develops in crack
vicinity, the crack tip becomes part of the localized strain,
resulting in a large CTOD value. This effect, resulting
from the overall grain orientations and sizes, can have a
greater impact on the CTOD than the local grain orienta-
tion. On the other hand, when a localized soft response is
formed away from the crack, the localized strain does not
affect the crack tip directly which results in a small CTOD
value. The influence of the microstructure therefore has
a significant impact on the crack. Overall, the difference
in CTOD can reach a factor of 4. Even the grains be-
yond 6xCrackLength significantly influence the crack tip
parameters. Further work is needed to assess how far this
influence reaches. It was also found that among grains with
favourable orientation the CTOD increased with the size
of such a grain. Amongst all the surface grains the largest
favourable oriented grains would therefore be more sus-
ceptible of faster crack propagation.

Finally, smaller than expected drop in the CTOD and
CTSD was obtained as the crack approached the grain
boundary. This could be due to the assumption of the
unchanged crack direction, only monotonic loading and
simplified grain boundary modelling. Significant change
in the CTOD and CTSD was, however, observed when
the crack extension in the second grain was placed in the
primary or the conjugate slip plane.
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